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We show that a model proposed by Lagerstrom for viscous incompressible 
flow at low Reynolds numbers has a solution. The proof is constructive in that 
we obtain lower and upper bounds for the solution. The dependence of the 
initial slope of the solution on a small parameter is also made explicit. 
1. INTRODUCTION AND FORMULATION 
In [6], Lagerstrom proposed the following mathematical model for 
N-dimensional low Reynolds number flow past an object, 
u” + f u’ + bzi2 + uu’ = 0, (1) 
u(c) = 0, (24 
u(m) = 1, (2b) 
where the prime denotes differentiation with respect to r; a > 0 and b > 0 
are constants, and E is a small parameter. Of special interest is the case when E 
tends to zero, whereupon the coefficient a/r becomes singular. In [2], Bush 
obtained matched asymptotic expansions for the problem for the case b = 0 
and b = 1. While these expansions are useful in describing the soluion, 
it seems worthwhile to consider whether a solution to the problem does 
in fact exist. In this note, we provide a constructive proof and in so 
doing obtain upper and lower bounds for the solution, and its derivative 
at Y  = E. The method used in obtaining bounds on U’(E) is an extension of the 
shooting technique [9, lo]. The existence proof is carried out by assuming 
an extra initial condition U’(P) = 01, which together with (1) and (2a) furnishes 
an initial value problem. The object then is to show that there is a solution 
to the initial value problem that has the required limiting behavior as Y  tends 
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to infinity. We observe that some knowledge of the quantity U’(E) is of interest 
since it is related to the skin friction in the fluid flow problem. 
Now the existence theory for second order nonlinear two point boundar! 
value problems has a large literature, such as [l, 4, 51, among others; and the 
present problem may well be treated by other methods. However, the method 
used here in showing existence and in obtaining the bounds on U’(E) capitalizes 
on the monotonic behavior of the solution curve, and is not restricted to the 
order of the differential equation. 
2. THE EXISTENCE PROOF 
We consider the initial value problem comprised of (1) and 
u(c) = 0; U’(E) = ‘2. (3) 
Let U(T, a) denote the solution of (I) and (3). M’hen it is not necessary to 
emphasize the dependence of u on its arguments, we will simply write u 
instead of u(r, IX). Clearly the existence of a local solution is guaranteed. 
Further, we observe that the local solution depends continuously on a and 
can be continued for all Y > E as long as u and U’ remain uniformly bounded. 
If  a == 0, we have u = 0. If  ar > 0, then U” < 0 for Y .> E and indeed u can 
have no stationary point in the finite domain. Hence we have u > 0 and U’ :> 0 
for r > E. Similarly, if (II < 0, then u < 0 and U’ < 0 for r > E. Since we 
Rant to show u(c0, a) = 1 for some a, it suffices to consider only E ;r 0. 
Throughout this paper (II is thus taken to be positive. It then follows from (1) 
that 
and hence 
U” + uli < 0, 
d + G/2 < a!. 
Clearly each term on the left is less than OL and we have 
O-cd <a; 24 < (2+2; r > E. (4) 
To proceed, we use (4) to obtain a lower solution for II. The solution is 
thus bounded from above and below. We then show that u(c0; a) is a con- 
tinuous function of 01 and that there exists an d for which u(c0; 5) = 1. The 
individual results are obtained in a few lemmas, which taken together give 
the existence proof. 
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LEMMA 1. For o! > 0, the solution U(T, IX) of the initial value problem (l), 
(3) satisfies 
u&, a) < U(T, a) < (2#‘2, (5) 
where 
ub = i log 11 + borea Jr t-%+2a)“‘(t-c) &I (6) 
lz 
Proof. The upper bound on u was obtained in (4). To obtain the lower 
bound, we rewrite (1) as 
from which we obtain upon integration 
and 
ebu = 1 + bare” ST 
E 
Pexp (- [uf&z) dt. 




ebu > 1 + barea pa-(2.Wt-~) &, 
E 
and (6) follows. Here, we observe that the result valid for b = 0 can be 
obtained from (6) by taking the limit b -+ 0. 
LEMMA 2. For 01 in (%, tiI} where % > 8 > 0, u(co, a) exists, and is a 
continuous function of a. 
Proof. It follows from (4) that U(Y, CX) is a continuous function of QL for all 
finite Y, and it can be continued for all Y  > E. Since U(Y, CL) is monotonic 
increasing, and is bounded above by (Zo~)i/s, it is clear that u(o0, CX) exists. 
To show that u(r, a) is continuous in a, we consider the integral 
S(a) = a Jm t-a exp (- 1” u(z, 0) d”) dt. 
c E 
For OL in {aa, OZJ it follows from (6) that 
ub(t, a) > i log 11 + bm,,e” L’ t-” exp[-(2q)1/2 (t - E)] dt 1 E f (r), 
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and hence 
Clearly, f(r) is a positive increasing function of r and f (o3) exists. The function 
p(t) as defined is integrable over (E, co), and is independent of (Y. Hence the 
improper integral S(CY) is uniformly convergent, and is therefore a continuous 
function of ol for OL in {%, 01~). It then follows from (7) that U(CO, a) is a 
continuous function of 01. 
The existence proof will be complete if we can find an (~a and an ~yi such 
that U(CO, (yg) < 1 and ~(03, cur) > 1. The continuous dependence of U(CO, a) 
on (Y will then guarantee that there is at least one Z, olo < G < ai , for which 
U(CO, 2) = 1, thus satisfying the boundary condition imposed on u at Y = CO. 
LEMMA 3. For q, = i and 
9 + ($-(eb - I)2 f; (eb _ f2/’ (8) 
there is at least one CT, q, < 2 < oL1 for which #(CO, 5) = 1. 
Proof. From (4) it is clear that if we choose 0~0 = 4, then U(C.O, w,,) < 1. 
From (5) and (6), we have 
u(a, a) > b A- log{1 + bCT( 1 - a, (2”)112 c)> = ub(m, a), (9) 
where C = a&‘2a)(a-1)/2 e(2a)“*c, and r(y, X) is the incomplete Gamma 
function defined by [3, Vol. 21, 
r(y, X) = lzm tY-le-t dt, x > 0. 
An (or can be found from (9), but its determination will be facilitated if we 
first simplify it by using the inequality [7], 
x%+T(y, x) > x x >o, 
x+1-y y  < 1. 
Hence, we have 
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If we choose 01~ such that 
then clearly, u( 00, aI) > 1. Some straightforward computation yields 
a1 = fc$) + (& (eb _ I)2 + “‘ebb, ly212. 
The existence of an Z, 01~ < 2 < 01~ , for which U(C.Q, Z) = 1 then follows 
from Lemma 2. 
Clearly, the lemmas taken together prove the following. 
THEOREM. The boundary value problem (BVP) (1) and (2) has at least one 
solution. 
3. THE BOUNDS ON U’(E) 
In the course of the existence proof, it has been established that the solution 
and its derivative are monotonic functions. Further, the initial derivative 
U’(E) = o! lies between (Ye = 6 and “1 given by (8). To gain some information 
about how U’(C) behaves as E tends to zero, it is clear that a sharper lower 
bound for 01 has to be obtained. We recall the number % is obtained from an 
upper solution for U, given by (4). If we can construct a sharper upper bound 
for u, then a sharper lower bound for 01 can be obtained. For example, using 




u < - log 1 + bed 
b 1 E 
Clearly, if 
for 01 in a certain set, say 01 < &, , then the BVP (1) and (2) has no solution. 
Hence for a solution to exist, we require 01 > Go . 
We observe that the determination of a0 and 01~ in the manner described 
is part of the existence proof. If we make use of the fact that the existence of a 
solution with the properties 0 < u < 1, u’ > 0 has already been established, 
then more precise upper and lower solutions can be constructed, and the 
determination of the bounds on U’(E) made easier. In so doing, we are separat- 
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ing the problem of obtaining bounds on U’(E) from the existence proof. 
If our interest is simply to obtain bounds on the initial derivative, taking for 
granted the existence of a solution, then the procedure can be used directly. 
Using 0 < u < 1, we obtain from (7) 
ebv > 1 + bol 1’ (4)’ e-(f-tl rtt, 
-E 
and hence 
24 > f log{1 + bor&[r( 1 - a, E) - r( 1 - a, y)]} = Iz,(y, a). 
If 01 is such that zib(co; CX) >, 1, no solution to the BVP can exist. This criterion 
leads to the condition that for a solution to exist, we must require 
eb - 1 
(12) 
To obtain a lower bound for CX!, we first note that 
where 
I(+ l ) -= Lm ten exp (- St &,(z, CX) d.) dt. 
E 
Since the integral I(cY, .E) cannot be readily evaluated we obtain further upper 
bounds by using the following inequalities: 
(9 log(1 + X) > eX x > 0; (14) 
(ii) Steffensen’s inequality [8, p. 1161. 
Letf be a decreasing function in (0, co). Let g be a measurable function in 
[0, a) such that 0 <g(.~) < A (A is a nonzero constant). Then 
where 
hq 
0 g(x) dx. 
292 K. K. TAM 
Now, we write 
Clearly, we have 
I&i, l ) < 1’ t-O dt. 
E 
Using Steffensen’s inequality on I,(or, E), we have 
I&, c) < jl1+A t-= dt, 
where 
h = srn exp (- It zi&, a) dz) dt. 
1 6 
Further simplifying, we have 
h < Ia exp (- /” Z,(z, a) dz) dt 
1 1 
?r 
exp(-z&,(1, CL) (t - 1)) dt = 1. 
1 Cb(l, a) 
Using (14), we obtain from (11) 
MV[r(l - a, E) - r(I - (I, l)] 
w, 4 ’ 1 + b&?‘[r(l - a, E) - T(l - a, 111. 
If we restrict our attention to 2c~ > 1, which is a necessary condition for a 
solution of the BVF’ to exist, we have 
A?s[T(1 - a, c) - T(l - G 1)l 
‘d’* a) ’ 2 + Qe([r( 1 - a, c) - l-(1 - a, I)] ’ 
Here, we observe that the right side is now independent of CL. Finally, we have 
2 
1 + h < @ + 1) + &s[ql _ a, <) - q1 - a, l)] = K(e)- 
LAGERSTROM MODEL FOR FLOW 
The above results combine to give 
and it follows from (13) that 
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a f 1, 
(16) 
a = 1, 
a # 1, 
(17) 
a = 1. 
For a solution of the BVP to exist, it is necessary that the right side of (17) 
is greater than unity. This criterion yields 
(eb - 1) (1 - a) 
l!Jq‘Pa - El-o] ’ a # 1, 
(eb - 1) (18) 
bc log K/c ’ 
a = I, 
which, together with (12), give the upper and lower bounds for (Y. 
4. CONCLUSION 
In conclusion, we obtain the asymptotic representations of the bounds on 01 
by using the following asymptotic expansions for the incomplete Gamma 
function for E + 0 [3, Vol. I, II]. 
e-EEl-a rt  - 1) t a > 1, 
W - a, 4 - -e-c log f’“’ 
e+r(l - 1), 
a = 1, 
a < 1. 
It is interesting to note that for a > 1, we have T(a) = (a - 1) F(a - l), 
and so both the upper and lower bounds of (Y tend to the common limit 
((e” - 1) (a - I))/& 
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Putting these results in (12) and (18), we have 
c( - (eb - 1) (a - 1) 
be , 
a > I, 
1 - eb 1 - eb 
be log(-•r’ log e) < O1 < BE log E ’ 
a= 1, 
(eb - 1) (1 - a) 21Wa eb - 1 
f!&s-Q’[ql - a) - q 1 - a, 1)11-Q -==I O1 ( bH(l - a) ’ 
u < 1. 
Again, the result for b = 0 can be obtained by taking the limit b ---t 0. For 
a -+ 0 it is clear that initial slope cx tends to O(1). 
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